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On Subdominant Roots of Nonnegative Matrices* 
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1. In two papers [5,6], the author discussed tfie estimates of subdominant 
roots of positive matrices. If P = (p,,) is an n x n positive matrix, by 
Perron’s theorem the dominant eigenvalue R of P is > Y where Y is the 
maximum modulus of the other n - 1 eigenvalues of P. For the quotient 
Y/R we obtained in [5] the estimate 
where 
L<M2- m2 
R’ M2 $ m2’ 
M := Max P,,, m : = Min p,,. 
I1,y /l,Y 
This estimate was then improved by E. Hopf [4] (see also [6]) to 
M-m 
&P> 
M + m (1) 
and here the right-hand bound is indeed the best one depending on M 
and m. 
In the case of a nonnegative matrix A(a,,), Va,, 3 0, the formula (1) 
becomes useless and we indicate in this note a corresponding bound less 
than 1, applicable for the general nonnegative irreducible matrix. 
Consider an n x n nonnegative and irreducible matrix A (a,,). Denote 
by g the minimum and by G the maximum of all positive au,, and let R > 0 
be the Perron root of A, that is the greatest positive eigenvalue of A. 
Denote by Y any modulus of an eigenvalue of A, such that Y # R. Then 
we will prove 
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! w l/W L< l--n -& i ) 1 l-5 2 w R’ 
i 5 1 
w <- ( 1 = 
( 5 1 
w’ w (92 - 1)2 + 1. (2) 
1+fi 1+; 
2. In order to prove (2) we remind the reader that we have to consider 
two different cases. Such a matrix A is called primitive if it has only one 
eigenvalue of modulus R. A is called imprimitive of grade k of imprimitivity 
if it has exactly k > 1 eigenvalues of modulus R. Then, by a theorem due 
to Frobenius, Ak becomes, after convenient cogradient permutations of 
rows and columns, totally reducible to k nonnegative primitive components 
(3) 
where each of the square matrices A,, AZ,. . . , A, has the Perron root R” 
as well as a root of modulus rk for each Y such that A has a root of modulus 
Y (see [l, 7, 21). 
On the other hand, if A is primitive then for zu = (a - 1)2 + 1, Aw 
becomes p0sitive.l 
3. Consider first the case k = 1, that is that of a primitive A, and let o 
be an eigenvalue of A of modulus 101 = : Y < R. Then ww is the eigenvalue 
of the positive matrix A”. We can therefore apply the relation (1) to this 
matrix and obtain 
denoting by Ml an upper limit for the elements of A” and by ml a positive 
lower limit for these elements. 
But now every nonvanishing element of A* is the sum of products 
of w nonvanishing elements of A and is therefore greater than or equal to 
gw. We have therefore ml >, gw. 
1 The above value of w was first given by Wielandt [7]. See the proof in [3]. 
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4. As to M,, in estimating this limit we can replace A with GE where 
is the n x n matrix all elements of which are = 1. But for the matrix E 
we have E2 = nE and therefore Ew = nW-lE. It follows 
A” < G”n”-lE 
and therefore Mi < G%w-l. We obtain now 
Y w 0 R-G Gwnw-1 _ g” CAP-~ + g”’ * (4 
and this is the first inequality (2). 
5. If A is imprimitive, K > 1, we can apply the above result to any of the 
primitive components in (3). If this component is denoted by B and has 
the order n’ we obtain from the first part of (2) applied to B that 
where g’ is the minimum of positive elements of B and G’ the maximum 
of these elements. But here we can replace g’ by the minimum of elements 
of A” and G’ by the maximum of these elements and it follows from the 
discussion in Sec. 4, replacing there ZLV by k: 
We obtain 
g’ 2 g”, G’ < G%‘“-1. 
Il(kW’) 
Here the expression in brackets is increased if we replace n’ by n and 
our inequality becomes 
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{P := kw’ = k[(n’ - 1)s + 11). (5) 
6. If we put here 
f(P) := 
it is verified immediately that 
P$+gfO = - logf(P) + 
and we see that f(P) is monotonically increasing with P. 
We choose now first as B one of the matrices A, in (3) for which the 
dimension, n’, is minimum. Then obviously n’ < n/k and therefore 
P(k)<;-2n+2k=:P,-. 
Replacing P in (5) with P, we obtain an inequality which can be used 
if k is known, namely 
5 PO = f - 2n + 2k. (6) 
7. In order to obtain the formula (2) we denote by n, the order of the 
matrix A, in (3). We can then use in (6) any of the matrices A, with 
the corresponding 
P=P,:=k(nx2-2nK+2), (K = 1,. . ., k). (7) 
Then the first inequality will follow if we prove that one of the P, is 
less than or equal to w. 
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Indeed, assume that this is not true, that is that we have 
k(n,2 - zn, + 2) > Pz.2 - 212 + 2 (fc = 1,. . ., k). 
Summing on both sides over K = 1,. . . , k it follows 
k 
( 
-&z,2-22n+2k >k(n2-22n+2); 
K=l ) 
dividing by k and adding on both sides 2n - 2: 
-&Q + 2(k - 1) > n2 = (5 %) 
or=1 
or, developing the square on the right, 
k-l>zn,n,,> 
KfK’ 
which is false for k > 1. 
The first inequality (2) is proved. 
8. To obtain now the second bound in (2) we have to prove that for 
p > 1 and 0 < up < 1 we always have 
l-UP ( 1 l-P24 1+u ‘1+;h26) (p > 1,o < pu < 1). 
We have therefore to show that 
l-u 
L(u) : = p log l+u + log *>o (o,,,;). 
But L(0) = 0 and 
L’(u) = 2P 2P - __ 1 -p%G - 212 = 
1 
(12J?$~);& > 0. 
(8) is proved and with it the second inequality in (2). 
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